In this paper we analyze the behavior of WOWA operators, a class of functions that simultaneously generalize weighted means and OWA operators. Moreover, we introduce functions that also generalize both operators and characterize those satisfying a condition imposed to maintain the relationship among the weights.
Introduction
Weighted means and ordered weighted averaging (OWA) operators (Yager [8] ) are aggregation functions widely used in the literature. Weighted means allow to weight each information source in relation to their reliability while OWA operators allow to weight the values according to their ordering. The need to combine both functions has been reported by several authors (see, among others, Torra [4] and Torra and Narukawa [6] ). In [4] , Torra introduces the weighted OWA (WOWA) operator, a new aggregation function that allows to combine both weights.
The aim of this paper is to analyze the behavior of WOWA operators. Moreover, since, in some cases, the results provided by these operators may be questionable, we propose to use functions that maintain the relationship among the weights of a weighting vector when the non-zero components of the other weighting vector are equal. In this way, we obtain a class of functions that have been previously introduced by Engemann et al.
The paper is organized as follows. In Section 2 we introduce weighted means, OWA operators and WOWA operators. Section 3 shows some questionable behaviors of WOWA operators. In Section 4 we propose a condition to maintain the relationship among the weights and characterize the functions that satisfy this condition. The paper concludes in Section 5.
Preliminaries
Throughout the paper we will use the following notation: vectors will be denoted in bold; η will denote the vector (1/n, . . . , 1/n); x ≥ y will mean x i ≥ y i for all i ∈ {1, . . . , n}; given σ a permutation of {1, . . . , n}, x σ will denote the vector (x σ(1) , . . . , x σ(n) ). In the following definition we present some well-known properties usually demanded to the functions used in the aggregation processes.
n and for all permutation σ of {1, . . . , n}.
F is monotonic if F (x) ≥ F (y)
for all x, y ∈ Ê n such that x ≥ y. F (x, . . . , x) 
F is idempotent if
= x for all x ∈ Ê. 4. F is compensative if min(x) ≤ F (x) ≤ max(x) for all x ∈ Ê n .
F is homogeneous of degree 1 if F (λx) = λF (x)
for all x ∈ Ê n and for all λ > 0.
Weighted Means and OWA Operators
Weighted means and OWA operators are defined by vectors with non-negative components whose sum is 1.
Definition 3. Let p be a weighting vector. The weighted mean associated with
p is the function
The weighted means are monotonic, idempotent, compensative and homogeneous of degree 1 functions. In [8] , Yager introduced OWA operators as a tool for aggregation procedures in multicriteria decision making. 
where σ is a permutation of {1, . . . , n} such that
OWA operators are symmetric, monotonic, idempotent, compensative and homogeneous of degree 1 functions. One of the most important issues in the theory of OWA operators is the determination of associated weights (see, for instance, Xu [7] and Fullér [2]). In [9] , Yager relates the OWA operators weights to quantifiers. 
